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Let G be a ﬁnite group. The objective of this paper is twofold. First we prove that the
cellular Bredon homology groups with coeﬃcients in an arbitrary coeﬃcient system M
are isomorphic to the homotopy groups of certain topological abelian group. And second,
we study ramiﬁed covering G-maps of simplicial sets and of simplicial complexes. As an
application, we construct a transfer for them in Bredon homology, when M is a Mackey
functor. We also show that the Bredon–Illman homology with coeﬃcients in M satisﬁes
the equivariant weak homotopy equivalence axiom in the category of G-spaces.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
Let G be a ﬁnite group, M a covariant coeﬃcient system for G , and X a G-space. In [2] we deﬁned topological groups
F G(X,M) whose homotopy groups are isomorphic to the Bredon–Illman equivariant homology of X with coeﬃcients in M .
The construction uses the singular simplicial G-set S(X), and thus the topological group is quite large. In this paper we con-
sider (pointed) regular G-CW-complexes X , i.e., G-CW-complexes whose characteristic maps are embeddings. In this case,
we deﬁne another, much smaller, topological group for X , whose homotopy groups give the Bredon (cellular) equivariant
homology groups of X . To do this we use the simplicial G-set K (X) associated to X , which is constructed using the cells
of X and whose geometric realization is homeomorphic to X . With this we obtain the topological group |F G(K (X),M)|
such that πq(|F G(K (X),M)|) ∼= H˜Gq (X;M). We also use some of the techniques introduced in the ﬁrst part, together with
a result on model categories, to prove that an equivariant weak homotopy equivalence between arbitrary G-spaces induces
an isomorphism in the Bredon–Illman (singular) homology groups with coeﬃcients in any coeﬃcient system.
In [4] we introduced the concepts of ramiﬁed covering maps in the categories of simplicial sets and of simplicial com-
plexes. In this paper we generalize these concepts to the equivariant setting and we present some results on their structure.
They have the property that their geometric realizations are topological ramiﬁed covering G-maps.
* Corresponding author. Tel.: +52 55 56224489; fax: +52 55 56160348.
E-mail addresses: marcelo@math.unam.mx (M.A. Aguilar), cprieto@math.unam.mx (C. Prieto).
URL: http://www.matem.unam.mx/cprieto (C. Prieto).
1 This author was partially supported by PAPIIT grant IN191909 and by CONACYT grant 58049.0166-8641/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2009.09.009
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in a homological Mackey functor M . We did it by deﬁning other topological groups FG(X,M) which are given directly in
terms of the points of X and whose homotopy groups are again isomorphic to the Bredon–Illman homology groups of X
with coeﬃcients in the homological Mackey functor M . For an arbitrary Mackey functor M , the homotopical homology
version given in [2] (in terms of the singular simplicial set of X ) cannot be used to construct the transfer. This is due to
the fact that if p : E → X is a ramiﬁed covering map, then the ﬁbers of S(p) : S(E) → S(X) are not ﬁnite in general (see the
counterexample in [4]). Thus we need the homotopical approach to the Bredon homology given in this paper. Using it we
construct a transfer for ramiﬁed covering G-maps of simplicial G-sets and of simplicial G-complexes in Bredon homology
with coeﬃcients in an arbitrary Mackey functor M . We show that this transfer has the usual properties of a transfer.
The paper is organized as follows. In Section 1, given a simplicial G-set K , we construct the topological group |F G(K ,M)|
and we prove that its homotopy groups are isomorphic to the Bredon homology groups of |K |. From this we obtain the
corresponding result for the case of regular G-CW-complexes. We ﬁnish the section with an application of these homotopy-
theoretic methods. Namely we prove that if f : X → Y is an equivariant weak homotopy equivalence between arbitrary G-
spaces, and M is any coeﬃcient system, then f∗ : HG(X;M) → HG(Y ;M) is an isomorphism of the Bredon–Illman homology
groups. In Section 2, we introduce the notion of a (special) simplicial ramiﬁed covering G-map (2.1) and prove some of its
properties. Further on in this section, we deﬁne the transfer in the simplicial context. We ﬁnish the section by proving
that if the Mackey functor M is homological, then the transfer constructed here coincides with the transfer constructed
in [5] (2.18). Next, in Section 3, we give the deﬁnition of a (special) ramiﬁed covering G-map of simplicial complexes p (3.1),
and in a natural way, we associate a ramiﬁed covering map of simplicial sets K (p) (3.3) in such a way that the geometric
realizations |p| and |K (p)| coincide. At the end of this section, we pass to the Bredon homology (applying the homotopy-
group functors) and we give the transfer and its properties in homology.
1. Homotopical Bredon homology
Given a simplicial pointed G-set K and a covariant coeﬃcient system M , we shall show that the homotopy groups of the
topological abelian group |F G(K ,M)| are isomorphic to the Bredon equivariant homology groups of the G-CW-complex |K |,
HG∗ (|K |,M). In order to do this, we need the following results.
We begin by recalling the deﬁnition of the simplicial abelian group F G(K ,M) given in [2].
Deﬁnition 1.1. First consider any pointed G-set S with base point x0, and a covariant coeﬃcient system M for G . Take the
set M̂ =⋃H⊂G M(G/H).
Deﬁne now the abelian group
F G(S,M) = {u : S → M̂ ∣∣ u(x) ∈ M(G/Gx), u(x0) = 0, u(x) = 0 for almost all x ∈ S,
and u(gx) = M∗(Rg−1)
(
u(x)
)}
,
where Rg−1 : G/Gx → G/Ggx is given by right-translation with g−1. For simplicity, we put gl = M∗(Rg−1 )(l) ∈ M(G/gHg−1)
if l ∈ M(G/H). The sum is given by (u+ v)(x) = u(x)+ v(x) ∈ M(G/Gx). This group has canonical generators γ Gx (l) for x = x0
and l = 0, given by
γ Gx (l) =
r∑
i=1
(gil)(gix),
where G/Gx = {[gi] | i = 1, . . . , r} and lx denotes the function with value l at x and zero elsewhere (lx is in general not an
element of F G(S,M), but the γ Gx (l) lies therein).
Given a pointed G-function f : S → T , deﬁne f G∗ : F G(S,M) → F G(T ,M) by f G∗ (γ Gx (l)) = γ Gf (x)M∗( f̂ x)(l), where
f̂ x :G/Gx G/G f (x) is the quotient G-function. Then F G(−,M) is a covariant functor from the category of pointed G-sets
G-Set∗ to the category of abelian groups.
Now, if K is a simplicial pointed G-set, we shall use the following notations. Let α : m → n be a morphism in ,
where k = {0,1,2, . . . ,k} for all k  0. We denote by αK : Kn → Km the value of K in α, and by α# : m → n the aﬃne
map induced by α. We have a simplicial abelian group F G(K ,M) given as the composite of the functors K :  → G-Set∗
with F G(−,M).
Remark 1.2. If G is the trivial group, S is a pointed set and M = Z, then we denote the abelian group F G(S,M) by F (S,Z),
which is the free abelian group generated by the elements of S − {x0}.
Let K be a simplicial pointed G-set. Since F G(K ,M) is a simplicial abelian group, we have a canonical chain complex
{F G(Kn,M), ∂n}, where
∂n =
n∑
(−1)i(dKi )G∗ ,
i=0
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elements of F G(Kn,M), then D∗ is a chain subcomplex and therefore we have a quotient complex {F G(Kn,M)/Dn, ∂n}.
On the other hand, we denote by νn(K ) ⊂ Kn the set of nondegenerate elements, and by νn(K )+ the disjoint union
of νn(K ) and a point. We have another chain complex {F G(νn(K )+,M), δGn }, as we shall see below, where
δGn
(
γ Ga (l)
)= n∑
i=0
(−1)iγ G
dKi (a)
M∗
(
d̂Ki a
)
(l),
with the convention that if some dKi (a) is degenerate, then we put γ
G
dKi (a)
= 0. Notice that νn(K ) has no base point if n > 0,
so we have to consider νn(K ) with an extra base point. For n = 0 we shall take the base point in K0. Clearly, νn(K ) as well
as Kn − νn(K ) are G-invariant. We have the following.
Proposition 1.3. The chain complexes{
F G(Kn,M)/Dn, ∂n
}
and
{
F G
(
νn(K )
+,M
)
, δGn
}
are isomorphic.
Proof. We claim that w ∈ Dn if and only if w(b) = 0 for all b ∈ νn(K ).
Indeed, take w ∈ Dn . Then w =∑mr=1(sKjr )G∗ (vr), where vr =∑a∈Kn−1 γ Ga (la) ∈ F G(Kn−1,M). Now(
sKjr
)G
∗
( ∑
a∈Kn−1
γ Ga (la)
)
=
∑
a∈Kn−1
γ G
sKjr (a)
(la).
Since Kn − νn(K ) is G-invariant, then each γ GsKjr (a)(la) is zero at all elements in νn(K ). Therefore w(b) = 0 for all b ∈ νn(K ).
Conversely assume that w(b) = 0 for all b ∈ νn(K ), then w = 0 only at degenerate elements. Take one representative
sKi1(a1), . . . , s
K
im
(am) of each orbit where w is nonzero. Hence
w =
m∑
r=1
γ G
sKir (ar)
(lir ), where w
(
sKir (ar)
)= lir = 0.
Since sKir is injective, it preserves the isotropy groups and thus we have
γ G
sKir (ar)
(lir ) =
(
sKir
)G
∗
(
γ Gar (lir )
)
.
Consequently, w ∈ Dn .
Notice that when n = 0, F G(K0,M) consists only of nondegenerate elements, so that D0 = 0. Hence w ∈ D0 if and only
if w(b) = 0 for all b ∈ ν0(K ) = K0.
Let now ι : νn(K )+ ↪→ Kn be the extension of the inclusion such that ι(+) is the base point of Kn . Deﬁne ϕ as the
composite
ϕ : F G(νn(K )+,M) iG∗−→ F G(Kn,M) π F G(Kn,M)/Dn.
To see that ϕ is injective, take u =∑b∈νn(K ) γ Gb (lb) ∈ F G(νn(K )+,M) such that ϕ(u) = 0. Hence ιG∗ (u) ∈ Dn , but since ι is
injective, ιG∗ (
∑
b∈νn(K ) γ
G
b (lb)) =
∑
b∈νn(K ) γ
G
b (lb) ∈ Dn . Therefore, by the claim above, ιG∗ (u) is zero at all elements of νn(K ).
Thus u = 0.
To see that ϕ is surjective, take π(w) ∈ F G(Kn,M)/Dn . Let us write
w =
∑
b∈νn(K )
γ Gb (lb) +
∑
b′∈Kn−νn(K )
γ Gb′ (lb′).
Take u =∑b∈νn(K ) γ Gb (lb) ∈ F G(νn(K )+,M). Then, by the claim above, ϕ(u) = π(w).
We must now show that ϕ is an isomorphism of chain complexes. This follows from the fact that δGn corresponds to the
operator ∂n under the isomorphism ϕ , as one easily veriﬁes. 
We now prove the next.
Proposition 1.4. Let K be a simplicial pointed G-set. There is an isomorphism of chain complexes
ψ ′ : {F (νn(K )+,Z), δn}→ {Hn(|K |n, |K |n−1), ∂n}.
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of |K | are in a one-to-one correspondence with the elements of νn(K ) (see [12]). The isomorphism is given as follows. Take
a generator a of F (νn(K )+,Z), namely a ∈ νn(K ). Then we associate to a the relative cycle ψa : (n, ˙n) → (|K |n, |K |n−1)
deﬁned by ψa(t) = [a, t], and we deﬁne the isomorphism ψ ′ by ψ ′(a) = [ψa].
We now prove that the isomorphism ψ ′ commutes with the boundary operators. We have, on the one hand
∂nψ
′(a) = ∂n[ψa] =
[
n∑
i=0
(−1)iψadi#
]
while on the other hand
ψ ′δn(a) = ψ ′
(
n∑
i=0
(−1)idKi (a)
)
.
But ψ ′(dKi (a)) = [ψdKi (a)], and ψdKi (a)(s) = [d
K
i (a), s] = [a,di#(s)] = ψadi#(s).
When n = 0, one has an isomorphism H0(|K |0,∗) ∼= F (ν0(K ),Z), where ∗ = [a0,1] and a0 ∈ ν0(K ) = K0 is the base point.
Therefore the result follows. 
Deﬁnition 1.5. Let T be a pointed G-set. There is a contravariant functor F (T ,Z) from the category of canonical orbits G/H ,
which we denote by O(G), to the category of abelian groups given on objects by
F (T ,Z)(G/H) = F (T H ,Z)
and on morphisms, as follows. If H ⊂ K , that is, for q : G/H G/K , one has an inclusion T K ↪→ T H which induces
q∗ : F (T ,Z)(G/K ) → F (T ,Z)(G/H).
Furthermore, if we take Rg−1 : G/H → G/gHg−1, then the bijection Lg−1 : T gHg−1 → T H given by y 	→ g−1 y induces
R∗g−1 : F (T ,Z)
(
G/gHg−1
)→ F (T ,Z)(G/H).
We shall consider the categorical tensor product (or “coend”—see [13]) of F (T ,Z) and M deﬁned by
F (T ,Z) ⊗O(G) M =
⊕
H⊂G
F
(
T H ,Z
)⊗ M(G/H)/∼,
where one takes the quotient by the subgroup generated by the differences f ∗(a)⊗ l−a⊗M∗( f )(l), where f : G/H → G/K
is any G-function.
Proposition 1.6. Let T be a pointed G-set. Then there is an isomorphism
F G(T ,M) ∼= F (T ,Z) ⊗O(G) M.
Proof. Take x ∈ T and l ∈ M(G/Gx). Then 1x⊗ l ∈ F (T Gx ,Z) ⊗ M(G/Gx). Deﬁne ϕx : M(G/Gx) → F (T ,Z) ⊗O(G) M by
ϕx(l) = [1x⊗ l] ∈ F (T ,Z) ⊗O(G) M.
We have
ϕgxM∗(Rg−1)(l) =
[
gx⊗ M∗(Rg−1)(l)
]= [R∗g−1(gx) ⊗ l].
But, by deﬁnition, R∗
g−1 (gx) = g−1gx = x, thus ϕgx ◦ M∗(Rg−1 ) = ϕx . Moreover, if x0 ∈ T is the base point, then ϕx0 (l) =
[1x0 ⊗ l] = 0, since 1x0 = 0. Therefore, we have proved that the family ϕx satisﬁes the conditions of the universal property
of F G(T ,M) [2, 1.6], and thus it determines a homomorphism
ϕ : F G(T ,M) → F (T ,Z) ⊗O(G) M,
such that ϕ(γ Gx (l)) = ϕx(l) = [1x⊗ l].
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ψ : F (T ,Z) ⊗O(G) M → F G(T ,M),
as follows. Deﬁne ﬁrst
ψH : F
(
T H ,Z
)⊗ M(G/H) → F G(T ,M)
by
ψH (u ⊗ l) =
∑
x∈T H
u(x)γ Gx M∗(px)(l),
where px : G/H → G/Gx is the canonical projection. Clearly ψH is well deﬁned. We now prove that the homomorphisms ψH
are compatible with the equivalence relation and therefore they determine ψ .
We analyze two cases. First consider f = Rg−1 : G/H → G/gHg−1. Take x ∈ T gHg−1 and l ∈ M(G/H). Observe that
pg−1x :G/H → G/Gg−1x is the composite
pg−1x : G/H
Rg−1−→ G/gHg−1 px−→ G/Gx Rg−→ G/g−1Gxg
and that γ Gx = γ Gg−1x ◦ M∗(Rg). Then
ψgHg−1
(
x⊗ M∗(Rg−1)(l)
)= γ Gx M∗(px)M∗(Rg−1)(l) = γ Gg−1xM∗(Rg)M∗(px)M∗(Rg−1)(l)
= γ Gg−1xM∗(pg−1x)(l) = ψH
(
R∗g−1(x) ⊗ l
)
. (1.7)
Now consider f = q : G/H → G/K . Take x ∈ T K and l ∈ M(G/H). Then x⊗ M∗(q)(l) ∼ q∗(x) ⊗ l. Let p′x : G/K → G/Gx be the
projection; then clearly p′x ◦ q = px . We have
ψK
(
x⊗ M∗(q)(l)
)= γ Gx M∗(p′x)M∗(q)(l) = γ Gx M∗(px)(l) = ψH(p∗x(x) ⊗ l). (1.8)
Therefore, by (1.7) and (1.8), the homomorphisms ψH deﬁne ψ .
We now prove that ϕ is the inverse of ψ . Consider a generator γ Gx (l) ∈ F G(T ,M), thus x ∈ T Gx and l ∈ M(G/Gx). Then
ψϕ
(
γ Gx (l)
)= ψ(ϕx(l))= ψ([1x⊗ l])= ψGx(1x⊗ l) = γ Gx (l)
and thus ψ ◦ ϕ = id. On the other hand, take x ∈ T H and l ∈ M(G/H). Then [x⊗ l], where 1x := x is a generator and
ϕψ
([x⊗ l])= ϕ(ψH (x⊗ l))= ϕ(γ Gx M∗(px)(l))= ϕxM∗(px)(l) = [x⊗ M∗(px)(l)]= [p∗x(x) ⊗ l].
Since p∗x : F (T Gx ,Z) → F (T H ,Z) is the inclusion, [p∗x(x) ⊗ l] = [x⊗ l]. Therefore, ϕ ◦ ψ = id. 
Lemma 1.9. Let K be a simplicial pointed G-set and denote by Kn, resp. |K |n, the n-skeleton. Then
(a) νn(K H ) = νn(K )H ;
(b) L ⊂ K ⇒ νn(L) ⊂ νn(K );
(c) (Kn)H = (K H )n;
(d) |Kn| = |K |n;
(e) |K H | ≈ |K |H ;
(f) (|K |n)H ≈ |K H |n.
Proof. (a) The inclusion νn(K )H ⊂ νn(K H ) is clear since the degenerate operator sK Hi is the restriction of sKi . Conversely,
take a ∈ νn(K H ). If a were degenerate in K , then a = sKi (b). Hence
a = ha = hsKi (b) = sKi (hb) ∀h ∈ H .
Therefore, sKi (b) = sKi (hb), and since sKi is injective, b ∈ K H and so a = sK
H
i (b), which is a contradiction. Thus a ∈ νn(K )H .
(b) Take a ∈ νn(L). If a were degenerate in K , then a = sKi (b), b ∈ Kn−1. Then dKi (a) = dKi sKi (b). But dKi (a) ∈ Ln−1 and
dKi s
K
i (b) = b. Hence b ∈ Ln−1 and a would be degenerate in L, which is a contradiction.
(c) We have(
K H
)n = {c ∈ K H ∣∣ c ∈ K Hr or c = sK H (d), d ∈ K Hr , r  n}, and(
Kn
)H = {a ∈ K ∣∣ a ∈ Kr or a = sK (b), b ∈ Kr, r  n, ha = a ∀h ∈ H}.
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equivariant. But sK is also injective, thus hb = b and so b ∈ K Hr . Therefore (Kn)H ⊂ (K H )n .
(d) This follows from the fact that the cells of |K |n are in a one-to-one correspondence with the nondegenerate elements
in Km (m n).
(e) By [10, 4.3.8], the inclusion i : K H ↪→ K induces an embedding |i| : |K H | ↪→ |K |. It is clear that the image of |i| is
contained in |K |H . Conversely, take [a, t] ∈ |K |H , where (a, t) is a nondegenerate representative. By [2, 2.4], G[a,t] = Ga .
Hence a ∈ K H .
(f) Consider (|K |n)H . Then, using the statements (d), (e), (c), and (d), we have the following:(|K |n)H = ∣∣Kn∣∣H ≈ ∣∣(Kn)H ∣∣= ∣∣(K H)n∣∣= ∣∣K H ∣∣n,
thus we have the result. 
In what follows we shall consider the chain complex {Cn(|K |) ⊗O(G) M, ∂n ⊗ idM}, where
Cn(|K |)(G/H) = Hn
((|K |n)H , (|K |n−1)H)
(see [13, Chapter I, Section 4]).
Proposition 1.10. Let K be a simplicial pointed G-set. Then there is an isomorphism between the chain complex {F G(νn(K )+,M), δGn }
and the chain complex {Cn(|K |) ⊗O(G) M, ∂n ⊗ idM}.
Proof. Applying Proposition 1.4 to the simplicial set K H , we get an isomorphism of chain complexes{
F
(
νn
(
K H
)+
,Z
)
, δn
}∼= {Hn(∣∣K H ∣∣n, ∣∣K H ∣∣n−1), ∂n}.
By Lemma 1.9(a),
F
(
νn
(
K H
)+
,Z
)∼= F (νn(K )H+,Z),
and by (f),
Hn
(∣∣K H ∣∣n, ∣∣K H ∣∣n−1)= Hn(∣∣Kn∣∣H , ∣∣Kn−1∣∣H).
Therefore, there is an isomorphism of chain complexes{
F
(
νn(K )
H+,Z
)
, δn
}∼= {Cn(|K |)(G/H), ∂n}.
Hence there is an isomorphism of chain complexes{
F
(
νn(K )
+,Z
)⊗O(G) M, δn ⊗ idM}∼= {Cn(|K |)⊗O(G) M, ∂n ⊗ idM}.
By Proposition 1.6, there is an isomorphism of groups
ϕ : F G(νn(K )+,M)→ F (νn(K )+,Z)⊗O(G) M
for each n. So we only have to check that ϕ is a chain morphism. To do this, take a generator γ Ga (l) ∈ F G(ν(K )+,M). We
have on the one hand,
ϕδGn
(
γ Ga (l)
)= ϕ( n∑
i=0
(−1)iγ G
dKi (a)
M∗
(
d̂Ki a
)
(l)
)
=
[
n∑
i=0
(−1)idKi (a) ⊗ M∗
(
d̂Ki a
)
(l)
]
,
while on the other hand, since ϕ(γ Ga (l)) = [a ⊗ l] we have(⊕
δn ⊗ id
)
ϕ
(
γ Ga (l)
)= [( n∑
i=0
(−1)idKi (a)
)
⊗ l
]
=
[
n∑
i=0
(−1)idKi (a) ⊗ l
]
.
Each summand inside the ﬁrst brackets lies in F (νn(K
G
dKi (a) ),Z)⊗M(G/GdKi (a)) and each summand inside the second brack-
ets lies F (νn−1(KGa ),Z) ⊗ M(G/Ga). Now we shall see that these summands are equivalent. Notice ﬁrst that by (b) in the
lemma above, since K
G
dKi (a) ⊂ KGa , then νn−1(KGdKi (a) ) ⊂ νn−1(KGa ). Let ι be the latter inclusion. Then we have
dKi (a) ⊗ M∗
(
d̂Ki a
)
(l) ∼ ι∗dKi (a) ⊗ l = dKi (a) ⊗ l.
Thus the two brackets coincide, as we wanted to prove. 
The next is the main result of this section.
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πq
(∣∣F G(K ,M)∣∣)∼= H˜Gq (|K |;M).
Proof. By [13, Chapter I, Section 4], H˜Gn (|K |;M) = Hn(C∗(|K |) ⊗O(G) M, ∂∗ ⊗ id). Therefore, applying Proposition 1.10, we
obtain
H˜Gq
(|K |;M)∼= Hq(F G(ν∗(K )+,M), δG∗ ). (1.12)
By Proposition 1.3,
Hq
(
F G
(
ν∗(K )+,M
)
, δG∗
)∼= Hq(F G(Kn,M)/Dn, ∂∗). (1.13)
By [12], the projection(
F G(K ,M), ∂∗
)

(
F G(Kn,M)/Dn, ∂∗
)
(1.14)
is a chain homotopy equivalence, thus
Hq
(
F G(Kn,M)/Dn, ∂∗
)∼= Hq(F G(K ,M), ∂∗). (1.15)
Finally, by [12, 22.1, 16.6, 16.1], we have the following isomorphisms:
Hq(F G(K ,M), ∂∗)
∼=
∼=
i∗
πq(F G(K ,M))
Ψ
∼= πq(S|F G(K ,M)|)
∼= φ
πq(|F G(K ,M)|)
(1.16)
Now the result follows combining the isomorphisms (1.12), (1.13), (1.15), and (1.16). 
In [5, 4.13] we show that any regular G-CW-complex X is G-homeomorphic to the geometric realization of an ordered
simplicial G-complex T (X), whose vertices are the cells of X , and whose q-simplexes are sequences of closed cells {e0 
e1  · · ·  eq}. The G-action on the vertices is given by g · e = g(e) (see Section 3 for the general deﬁnition of an ordered
simplicial G-complex). On the other hand, given any ordered simplicial G-complex C , one can deﬁne a simplicial G-set K (C)
as follows:
K (C)m =
{
(v0, . . . , vm)
∣∣ {v0, . . . , vm} ∈ C, v0  · · · vm},
dK (C)i : K (C)m → K (C)m−1 is given by
dK (C)i (v0, . . . , vm) = (v0, . . . , v̂ i, . . . , vm),
and sK (C)i : K (C)m → K (C)m+1 is given by
sK (C)i (v0, . . . , vm) = (v0, . . . , vi, vi, . . . , vm).
The simplicial complex C and the associated simplicial set K (C) have homeomorphic geometric realizations (see [11]).
Therefore X is also homeomorphic to the geometric realization of the associated simplicial G-set K (X) ≡ K (T (X)). Hence
the previous result implies the following.
Corollary 1.17. Let X be a regular G-CW-complex and M a coeﬃcient system. Then there is an isomorphism
πq
(∣∣F G(K (X),M)∣∣)∼= H˜Gq (X;M),
where K (X) is the simplicial G-set associated to X.
As an application of the homotopical approach to the Bredon–Illman homology, we have the following. We ﬁrst recall
the deﬁnition of F G(X,M), where X is any pointed G-space and M is an arbitrary (covariant) coeﬃcient system.
Consider the simplicial group F G(S(X),M), where S(X) is the singular simplicial G-set of X . We denote by F G(X,M)
the topological group |F G(S(X),M)|. Then we have an isomorphism πq(F G(X,M)) ∼= H˜Gq (X;M) for all q (see [2,3]), where
H˜G∗ (X;M) is the Bredon–Illman homology of the pointed G-space X .
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equivalence ρX : |S(X)| → X . This induces an isomorphism H˜G∗ (|S(X)|;M) ∼= H˜G∗ (X;M). By Theorem 1.11,
H˜Gq
(∣∣S(X)∣∣;M)∼= πq(∣∣F G(S(X),M)∣∣) := πq(F G(X,M)).
Therefore, πq(F G(X,M)) ∼= H˜Gq (X;M).
However, the result in [2,3] is valid for any G-space X , and it is the more general result which we shall use in what
follows.
Theorem 1.19. Let f : X → Y be an equivariant weak homotopy equivalence between arbitrary G-spaces, and let M be a coeﬃcient
system for G. Then f∗ : HG∗ (X;M) → HG∗ (Y ;M) is an isomorphism.
Proof. Recall that, by deﬁnition, f : X → Y is an equivariant weak homotopy equivalence if f H : XH → Y H is an ordinary
weak homotopy equivalence for all H ⊂ G . Consider the simplicial map S( f H ) : S(XH ) → S(Y H ). Since S(Z H ) = S(Z)H for
every Z , S( f H ) = S( f )H : S(X)H → S(Y )H . By [12, 16.1], there is a natural isomorphism ϕZ : πq(S(Z)) → πq(Z) for every
space Z . Thus we have a commutative diagram
πq(S(XH ))
ϕXH ∼=
S( f H )#
πq(S(Y H ))
ϕY H∼=
πq(XH )
f H#
πq(Y H )
Hence S( f ) : S(X) → S(Y ) is a weak homotopy equivalence in the category of simplicial G-sets (which is the same as the
category of G-simplicial sets). Since S(Z)H = S(Z H ), S(Z)H is a Kan simplicial set for all H , then S( f ) is a G-morphism
between ﬁbrant simplicial G-sets. Hence by [9, 2.3], S( f ) is a G-homotopy equivalence. Consider the functor Set → Set∗
given by S 	→ S+ ≡ S unionsq {∗}. If K is a simplicial set, then we denote by K+ the composite  K−→ Set→ Set∗ . Hence S( f )+ is
also a G-homotopy equivalence. Clearly S(Z)+ ∼= S(Z+) for all Z . Therefore, by [3, (4.18)(b)], one has a homotopy equivalence∣∣(S( f +))G∗ ∣∣ : ∣∣F G(S(X+),M)∣∣→ ∣∣F G(S(Y+),M)∣∣,
which induces an isomorphism of homotopy groups. By [2,3], there is a natural isomorphism πq(|F G(S(Z+),M)|) ∼=
HGq (Z;M), so the result follows. 
2. Ramiﬁed covering maps in the category of simplicial G-sets
In this section, we shall deﬁne simplicial ramiﬁed covering G-maps. Our deﬁnition is based on the concept of a weighted
map given by Friedlander and Mazur [8]. We show that these simplicial ramiﬁed covering G-maps have properties anal-
ogous to those proved by Smith [14] and Dold [7] for topological ramiﬁed covering maps. The following deﬁnition is the
equivariant version of the one given in [4].
Deﬁnition 2.1. Let p : K → Q be a pointed simplicial G-function between pointed simplicial G-sets. We say that p is a
simplicial n-fold ramiﬁed covering G-map if the following conditions hold:
1. For each m, pm : Km → Qm has ﬁnite ﬁbers.
2. The function dKi |p−1m (x) : p−1m (x) → p
−1
m−1(d
Q
i (x)) is surjective for all i.
3. There is a family of G-invariant multiplicity functions μm : Km → N, such that:
(a) For all x ∈ Qm , ∑a∈p−1m (x) μm(a) = n.
(b) μm+1 ◦ sKi = μm : Km → N.
(c) For all x ∈ Qm and a ∈ p−1m (x)
μm−1
(
dKi (a)
)= r∑
α=1
μm(aα),
where {a1, . . . ,ar} = (dKi )−1(dKi (a)) ∩ p−1m (x).
Furthermore we say that p is special if it has the following property:
4. For each a ∈ Km , the formula Ga = Gpm(a) ∩ GdKi (a) for the isotropy groups holds for all i.
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(sKi , s
Q
i ) are morphisms of G-functions with multiplicity (see [5]). Moreover, condition 4 is necessary for the pairs (d
K
i ,d
Q
i )
to be morphisms of G-functions with multiplicity. These facts will be used to deﬁne the transfer.
Deﬁnition 2.3. Let p : K → Q be a simplicial n-fold ramiﬁed covering map. We deﬁne Rm = {x ∈ Qm | ∃a ∈ p−1m (x) with
μm(a) > 1}. We call the elements of Rm the ramiﬁcation points of pm .
Proposition 2.4. Let p : K → Q be a simplicial n-fold ramiﬁed covering map. Then the sets of ramiﬁcation points Rm form a simplicial
subset of Q .
Proof. Take x ∈ Rm and consider dQi : Qm → Qm−1. Assume dQi (x) /∈ Rm−1. Then the cardinality |p−1m−1(dQi (x))| is n, while
|p−1m (x)| is less than n. This contradicts the surjectivity of dKi : p−1m (x) → p−1m−1(dQi (x)). Hence dQi restricts to dRi : Rm → Rm−1.
Now consider sQi : Qm → Qm+1. Observe that for a ∈ p−1m (x), μm+1(sKi (a)) = μm(a) > 1. This implies sQi (x) ∈ Rm+1 and
hence sQi restricts to s
R
i : Rm → Rm+1. 
Corollary 2.5. Let p : K → Q be a simplicial n-fold ramiﬁed covering G-map. Then |R| ⊂ |Q | is a G-invariant subcomplex.
Proof. By [10, 4.3.8], |R| is a subcomplex of |K |, and it is G-invariant since μm is G-invariant for all m. 
The following result provides a suﬃcient condition for a simplicial ramiﬁed covering G-map to be special.
Proposition 2.6. Let p : K → Q be a simplicial n-fold ramiﬁed covering G-map, such that G acts freely on the ramiﬁcation points
R ⊂ Q . Then p is special.
Proof. We have to prove the equality Ga = Gpm(a) ∩GdKi (a) for all a ∈ Km , all i, and all m. For simplicity, call x = pm(a). There
are two cases:
Case I. x ∈ Rm . Then Gx = {e} and since Ga ⊂ Gx , the equality follows.
Case II. x /∈ Rm . We have two subcases:
(a) dQi (x) /∈ Rm−1. In this case, if b ∈ p−1m−1(dQi (x)), then μm−1(b) = 1. Hence μm(a′) = 1 for all a′ ∈ p−1m (x) and therefore,
the restriction dKi |p−1m (x) : p−1m (x) → p
−1
m−1(d
Q
i (x)) is bijective. Take g ∈ Gx ∩GdKi (a) , then pm(a) = pm(ga) = x and d
K
i (a) =
dKi (ga). Hence a = ga so that g ∈ Ga , and the equality follows.
(b) dQi (x) ∈ Rm−1. Since Ga ⊂ GdKi (a) ⊂ GdQi (x) = {e} the equality holds. 
Proposition 2.7. Let p : K → Q be a simplicial n-fold ramiﬁed covering G-map. If pm is isovariant for all m, i.e. Gpm(x) = Gx for all
x ∈ Km, then p is special.
Proof. If pm is isovariant, then Ga = Gpm(a) for all a. Since dKi is G-equivariant, Ga ⊂ GdKi (a) . Thus condition 4 holds. 
Remark 2.8. In 3.5 we give an example of a ramiﬁed covering G-map which is special, but not isovariant.
Proposition 2.9. Let p : K → Q be a (special) simplicial n-fold ramiﬁed covering G-map, and let f : Q ′ → Q be a simplicial G-map.
Then the pullback of p over f , p′ : K ′ = Q ′ ×Q K → Q ′ , is a (special) simplicial n-fold ramiﬁed covering G-map.
Proof. By [4, Proposition 1.4], we have that p′ is an n-fold simplicial ramiﬁed covering map. Since the map p′ is clearly
G-equivariant, we only have to prove that if p is special, then also p′ is special. To see this, take a′ = (b′,a) ∈ Q ′m ×Qm Km .
Since p is special, we have Ga = Gpm(a) ∩ GdKi (a) . Notice that since fm(b
′) = pm(a), one has Gb′ ⊂ Gpm(a) . Hence
Ga′ = Gb′ ∩ Ga = Gb′ ∩ Gpm(a) ∩ GdKi (a) = Gb′ ∩ GdKi (a).
On the other hand,
Gp′m(a′) ∩ GdK ′i (a′) = Gb′ ∩ GdQ ′i (b′) ∩ GdKi (a) = Gb′ ∩ GdKi (a).
Hence p′ is special. 
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Theorem 2.10. Let p : K → Q be a map of simplicial G-sets. Then p is a simplicial n-fold ramiﬁed covering G-map with multiplicity
functions μm if and only if there is a map of simplicial G-sets ϕp : Q → SPn K such that for each m the following hold:
1. If a ∈ Km, then a ∈ ϕpm (pm(a)).
2. The composition SPn pm ◦ ϕpm : Qm → SPn Qm is the diagonal map.
Theorem 2.11. Let p : K → Q be a simplicial n-fold ramiﬁed covering G-map. Then there exists a simplicial G-set W with a simplicial
action of the symmetric group Σn such that there are simplicial equivariant isomorphisms α : W /Σn−1 → K and β : W /Σn → Q so
that the following diagram commutes:
W /Σn−1 α
π
K
p
W /Σn β Q
where π : W /Σn−1 → W /Σn is the canonical projection.
More generally we have the following.
Proposition 2.12. Let Γ be a ﬁnite group and let Λ ⊂ Γ be a subgroup of index n, and let W be a simplicial (left) G-set. Assume that
Γ acts simplicially on the right on W , in such a way that
g(wγ ) = (gw)γ ,
for all w ∈ W , g ∈ G, and γ ∈ Γ . Then the orbit map of simplicial sets
π : W /Λ → W /Γ
is a simplicial n-fold ramiﬁed covering G-map.
Proof. We shall prove that p satisﬁes conditions 1 and 2 of Theorem 2.10. Let ϕπ : W /Γ → SPn W /Λ be given for [w]Γ ∈
Wm/Γ by
ϕπm
([w]Γ )= 〈[wγ1]Λ, . . . , [wγn]Λ〉 ∈ SPn Wm/Λ,
where Γ/Λ = {[γ1], . . . , [γn]} (γ1 = e ∈ Γ ).
Since the action of Γ on W is simplicial, one easily veriﬁes that ϕπ is a map of simplicial sets. To see condition 1, take
a = [w]Λ ∈ Wm/Λ; since γ1 = e, a = [wγ1]Λ ∈ ϕπmπm(a) = ϕπm ([w]Γ ). To see condition 2, take x= [w]Γ ∈ Wm/Γ . Then
SPn πmϕπm (x) = SPn πm
(〈[wγ1]Λ, . . . , [wγ1]Λ〉)= 〈[wγ1]Γ , . . . , [wγ1]Γ 〉= 〈[w]Γ , . . . , [w]Γ 〉= 〈x, . . . , x〉. 
Corollary 2.13. Let Γ be a ﬁnite group and let Λ ⊂ Γ be a subgroup of index n, and let W be a simplicial (left) G-set. Consider a
simplicial right action of Γ on W such that
g(wγ ) = (gw)γ
for all w ∈ W , g ∈ G, and γ ∈ Γ . Assume that the following condition holds for every w ∈ Wm and all m:
• If g /∈ Gw and gw = wγ , then γ ∈ Λ.
Then the n-fold G-equivariant simplicial ramiﬁed covering map π : W /Λ → W /Γ is such that πm is isovariant for all m. Hence π is
special. In particular, if for each w ∈ Wm and g /∈ Gw we have that gw = wγ , γ ∈ Γ , then π : W → W /Γ is special.
Proof. Take w ∈ Wm and assume that e = g ∈ G[w]Γ , that is g[w]Γ = [w]Γ . Then gw = wγ , with γ ∈ Γ and so, by the
condition, γ ∈ Λ, and thus g[w]Λ = [w]Λ . Hence G[w]Γ ⊂ G[w]Λ and so πm is isovariant. The second part follows taking Λ
to be the trivial subgroup of Γ . 
Remark 2.14. As in [4], one can prove that if p : K → Q is a simplicial n-fold ramiﬁed covering G-map, then |p| : |K | → |Q |
is a topological n-fold ramiﬁed covering G-map.
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tGpm : F
G(Qm,M) → F G(Km,M) on generators by
tGpm
(
γ Gx (l)
)= ∑
{[a]}=p−1m (x)/Gx
μm(a)γ
G
a M
∗(p̂ma)(l).
Theorem2.16. If p : K → Q is a special simplicial ramiﬁed covering G-map, then the set of maps {tGpm |m ∈ N} determines amorphism
tGp : F G(Q ,M) → F G(K ,M) of simplicial groups. Hence there is a continuous transfer |tGp | : |F G(Q ,M)| → |F G(K ,M)|.
Proof. By [5, 2.8], tGp commutes with morphisms of G-functions with multiplicity. Since by 2.2 the pairs (d
K
i ,d
Q
i ), (s
K
i , s
Q
i )
are morphisms of G-functions with multiplicity, the result follows. 
Corollary 2.17. Let p : K → Q be a special simplicial ramiﬁed covering G-map. Then there is a transfer in Bredon homology
τ|p| : H˜G∗
(|Q |;M)→ H˜G∗ (|K |;M).
Proof. By the previous theorem we have the morphism tGp of simplicial abelian groups. Thus we have a continuous homo-
morphism∣∣tGp ∣∣ : ∣∣F G(Q ,M)∣∣→ ∣∣F G(K ,M)∣∣,
which induces a homomorphism∣∣tGp ∣∣∗ : π∗(∣∣F G(Q ,M)∣∣)→ π∗(∣∣F G(K ,M)∣∣).
The result follows by Theorem 1.11. 
Consider a ramiﬁed covering G-map p : E → X such that X and E are strong ρ-spaces, and take a homological Mackey
functor M for G . In [5, Theorem 4.17] we proved the existence of a transfer tGp : FG(X,M) → FG(E,M), where the topological
groups FG(X,M) and FG(E,M) are such that their homotopy groups are isomorphic to the Bredon–Illman G-equivariant
homology with coeﬃcients in M . In particular, the geometric realization of any simplicial G-set is a strong ρ-space. Thus
we have the following compatibility result of the transfer in [5] with the one deﬁned in this paper, as follows.
Proposition 2.18. Let p : K → Q be a special simplicial ramiﬁed covering G-map and let M be a homological Mackey functor for G.
Then for each simplicial pointed G-set S there is an isomorphism of topological abelian groups ψGM : |F G(S,M)| → FG(|S|,M) and
the following diagram commutes:
|F G(Q ,M)|
ψGM
|tGp | |F G(K ,M)|
ψGM
FG(|Q |,M)
tG|p|
FG(|K |,M)
Proof. The proof that under the assumptions ψGM is an isomorphism of topological groups for the case K = S(X) was given
in [3, Proposition (5.17)]. One can easily check that this proof is valid for any simplicial G-set K . Thus we only need to
prove the commutativity of the diagram.
The elements of the form [γ Gx (l), t] ∈ |F G(Q ,M)| generate the group. Consider the pair (x, t) ∈ Qm × m . We can write
t = d#(t′), where t′ is an interior point of some k and d is an order-preserving inclusion in . On the other hand,
dK (x) = sK (y), where y is nondegenerate and s is an iteration of degeneracy operators. Thus we have
(x, t) = (x,d#(t′))∼ (dK (x), t′)= (sK (y), t′)∼ (y, s#(t′)),
where s#(t′) is also an interior point. Using this in the simplicial group F G(Q ,M), we have(
γ Gx (l), t
)∼ (γ Gy M∗(d̂K x)(l), s#(t′)).
Hence we can assume that the generator [γ Gx (l), t] ∈ |F G(Q ,M)| is such that (x, t) is nondegenerate.
We thus have, on the one hand,
ψGM
∣∣tGp ∣∣([γ Gx (l), t])= ψGM([ ∑
−1
μm(a)γ
G
a M
∗(p̂ma)(l), t
])
=
∑
−1
μm(a)γ
G[a,t]M∗(p̂ma)(l);[a]∈pm (x)/Gx [a]∈pm (x)/Gx
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tG|p|ψGM
([
γ Gx (l), t
])= tG|p|(γ G[x,t](l))= ∑
[[a,t]]∈|p|−1([x,t])/G[x,t]
μ
([a, t])γ G[a,t]M∗(|̂p|[a,t])(l).
By deﬁnition, μ([a, t]) = μm(a), since (a, t) is also nondegenerate. By [4, Lemma 4.1], there is a bijection β : p−1m (x) ∼=|p|−1([x, t]), and by [2, Proposition 2.4], G[x,t] = Gx and G[a,t] = Ga , thus we also have p̂ma = |̂p|[a,t] . Hence both composites
are equal. 
3. Ramiﬁed covering maps in the category of simplicial G-complexes
Recall [6] that a simplicial G-complex C consists of a set VC , whose elements are called vertices of C , together with a
family of nonempty ﬁnite subsets of VC , called simplexes, which have the following properties:
(i) For each v ∈ VC , the set {v} ∈ C .
(ii) Given σ ∈ C and σ ′ ⊂ σ , then σ ′ ∈ C .
(iii) There is an action of G on VC such that each g ∈ G maps a simplex onto a simplex.
A map f : C → D of simplicial G-complexes is given by a G-function f : VC → VD such that if {v0, . . . , vq} ∈ C , then
{ f (v0), . . . , f (vq)} ∈ D .
In what follows, we shall assume that any simplicial G-complex C is ordered, that is, the vertices of C have a partial
order such that each simplex is totally ordered, and the G-action preserves the order. Moreover, we can also assume that
any simplicial G-map p : C → D preserves the order. This can always be achieved by considering the barycentric subdivision
of each of the simplicial G-complexes, sd(C), sd(D), with the order given by inclusion. We denote by σ (i) the ith face of
any ordered m-simplex σ = (v0 < · · · < vm) in a simplicial complex, which is deﬁned by σ (i) = (v0 < · · · < v̂ i < · · · < vm),
where we omit the ith vertex.
We now give the equivariant version of a ramiﬁed covering map of simplicial complexes given in [4].
Deﬁnition 3.1. Let p : C → D be a simplicial G-map between simplicial G-complexes. We say that p is an n-fold ramiﬁed cov-
ering G-map of simplicial complexes if there exists a G-invariant multiplicity function μ : C → N with the following properties:
1. For each vertex w of D , the ﬁber p−1(w) is a ﬁnite nonempty set and if σ ∈ p−1(τ ), then σ and τ have the same
dimension.
2. For each simplex τ ∈ D and each simplex σ˜ ∈ C , such that p(σ˜ ) = τ (i) , there is a simplex σ ∈ D such that p(σ ) = τ
and σ (i) = σ˜ .
3. For each simplex τ in D ,∑
p(σ )=τ
μ(σ ) = n.
4. For each simplex σ ∈ C ,
μ
(
σ (i)
)= ∑
p(σ )=p(σ ′)
σ (i)=σ ′(i)
μ(σ ′).
Moreover, we say that p is special if it has the following property:
5. For each m-simplex σ ∈ C , the equality Gσ = Gp(σ ) ∩ Gσ (i) holds for all i = 0, . . . ,m.
Proposition 3.2. Let p : C → D be a simplicial map of simplicial G-complexes, and let sd(p) : sd(C) → sd(D) be the induced map
between the barycentric subdivisions. If p is a ramiﬁed covering G-map of simplicial complexes with multiplicity function μ, then
sd(p) is a ramiﬁed covering G-map of simplicial complexes with multiplicity function sd(μ), where
sd(μ)(σ0  · · ·  σm) = μ(σm).
Proof. Notice ﬁrst that there is a bijection sd(p)−1(τ0  · · ·  τm) ≈ p−1(τm), since clearly σm ∈ p−1(τm) determines σi such
that p(σi) = τi . Therefore, 1 holds for sd(p).
To see 2, let
sd(p)(σ0  · · ·  σi−1  σi+1  · · ·  σm) = (τ0  · · ·  τi−1  τi+1  · · ·  τm) = (τ0  · · ·  τm)(i).
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p preserves faces, clearly
sd(p)(σ0  · · ·  σm) = (τ0  · · ·  τm)
and
(σ0  · · ·  σm)(i) = (σ0  · · ·  σi−1  σi+1  · · ·  σm).
Condition 3 follows immediately from the deﬁnition of sd(μ) and the remark at the beginning of this proof.
Finally, to show condition 4, we have two cases:
Case 1. If i <m, then we have
sd(μ)
(
(σ0  · · ·  σm)(i)
)= μ(σm)
and the condition follows immediately.
Case 2. If i =m, then we have
sd(μ)
(
(σ0  · · ·  σm)(i)
)= μ(σm−1),
where σm−1 is an iterated face of σm . We assume ﬁrst that σm−1 = σ ( j)m . Then the condition follows immediately from
condition 4 for p. In the general case, one can proceed by induction on the cardinality |σm − σm−1|.
By Proposition 3.2, the G-actions in a ramiﬁed covering G-map of simplicial complexes preserve the order. 
Before Corollary 1.17 we recalled that given a simplicial complex C , one has an associated simplicial set K (C) with
homeomorphic geometric realization. If p : C → D is an n-fold ramiﬁed covering map of simplicial complexes, call
K (p)m : K (C)m → K (D)m the induced map of simplicial sets, given by K (p)m(v0, . . . , vm) = (p(v0), . . . , p(vm)). Deﬁne
μm : K (C)m → N by μm(σ ) = μ(σ ′), where σ ′ ∈ K (C)l , lm, is the unique nondegenerate simplex such that sK (C)(σ ′) = σ .
Proposition 3.3. Let p : C → D be an n-fold ramiﬁed covering G-map of simplicial complexes. Then K (p) : K (C) → K (D) is a
simplicial n-fold ramiﬁed covering G-map. Furthermore, if p is special, then so is K (p).
Proof. By [4, Theorem 5.6], K (p) is a simplicial n-fold ramiﬁed covering map and is clearly G-equivariant with the obvious
actions. One easily veriﬁes that μm is G-invariant for every m.
Now assume that p is special and take a = (v0  · · · vm) ∈ K (C)m . Let
v ′0 = v0 = · · · = v j1−1 < v ′1 = v j1 = · · · = v j2−1 < · · · < v ′m′ = v jm′ = · · · = vm,
and take i such that 0  i m. We have that (v ′0 < · · · < v ′m′ ) is the unique nondegenerate simplex associated to (v0 · · · vm). There are two cases:
Case 1. The vertex vi appears more than once in a = (v0  · · ·  vm). In this case, a and a(i) have the same associated
nondegenerate simplex, and condition 4 in Deﬁnition 2.1 follows trivially.
Case 2. The vertex vi appears once in a = (v0  · · ·  vm). In this case, the associated nondegenerate simplex of a(i) is
(v ′0 < · · · < v ′m′ )( j) , where vi = v ′j . Condition 4 in Deﬁnition 2.1 follows from condition 5 in Deﬁnition 3.1 applied to the
associated nondegenerate simplexes. 
Remark 3.4. Let us recall that given a simplicial complex C , its geometric realization is given by
|C | =
{
α : VC → I
∣∣∣ α−1(0,1] ∈ C and ∑
v∈VC
α(v) = 1
}
.
It has the coherent topology with respect to the family of realizations |σ | that are homeomorphic to m for some m. If
σ = {v0 < · · · < vm}, then the homeomorphism |σ | → m is given by α 	→ (α(v0), . . . ,α(vm)).
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Consider an n-fold ramiﬁed covering map of simplicial complexes p : C → D . Then, by property 1 in Deﬁnition 3.1,
p(σ ) = {p(v0) < · · · < p(vm)}. Therefore we have the following commutative square:
|σ |
≈
|p| |p(σ )|
≈
m id 
m
Hence |p| maps the realization of every simplex of C homeomorphically onto the realization of a simplex of D .
Example 3.5. Fig. 1 shows a 3-fold ramiﬁed covering Z2-map of simplicial complexes p : C → D . The vertices have their
natural order and Z2 acts on C exchanging 1 and 2, as well as 3 and 4, and leaving 0 ﬁxed. On D it exchanges 3′ and 4′
and leaves 0′ ﬁxed. The projection is given by p(0) = p(1) = p(2) = 0′ , p(3) = 3′ , and p(4) = 4′ . The multiplicity map is
given by μ(0) = μ(1) = μ(2) = 1, and μ(3) = μ(4) = 3. Moreover μ evaluated at any 1-simplex is 1. Thus the ramiﬁcation
points are 3′ and 4′ , where Z2 acts freely. Notice that the actions on the total space and on the base space are not free,
since the vertices 0 and 0′ are ﬁxed points. Take K (p) : K (C) → K (D). By Proposition 2.6, K (p) is special, but it is not
isovariant (see 2.7).
Proposition 3.6. Let p : C → D be a special n-fold ramiﬁed covering G-map of simplicial complexes, and let M be a Mackey functor
for G. Then there is a continuous transfer tGp : |F G(K (D),M)| → |F G(K (C),M)|.
Proof. By Proposition 3.3, we have a special simplicial n-fold ramiﬁed covering G-map K (p) : K (C) → K (D). By Theo-
rem 2.16, we have a transfer
tGK (p) : F G
(
K (D),M
)→ F G(K (C),M).
The result follows by deﬁning tGp = |tGK (p)|. 
Remark 3.7. In the previous result, notice that since |p| : |C | → |D| is a ramiﬁed covering G-map in the category of strong ρ-
spaces, if the Mackey functor is homological, then by [5, Theorem 4.12] it need not be special in order for tG|p| : FG(|D|,M) →
FG(|C |,M) to be continuous.
In this case, as shown in Proposition 2.18, the topological groups are regular CW-complexes, since they are isomorphic
to geometric realizations of simplicial groups. However, the transfer tG|p| need not be a regular map (i.e. a cellular map that
sends open cells onto open cells), unless the simplicial ramiﬁed covering G-map p is special.
To ﬁnish this section we deﬁne the transfer in Bredon homology by just applying the homotopy-group functors πq to
the transfer between topological groups. Using Theorem 1.11 and Propositions 3.6 and [5, 5.1], we obtain the following.
Theorem 3.8. Let p : C → D be a special n-fold ramiﬁed covering G-map of simplicial complexes, and let M be a Mackey functor for G.
Then there exists a transfer
τ|p| : H˜G∗
(|D|;M)→ H˜G∗ (|C |;M)
with the following properties:
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|C ′| |˜ f |
|p′|
|C |
|p|
|D ′| | f | |D|
then |˜ f |∗ ◦ τ|p′| = τ|p| ◦ | f |∗ .
• Normalization: τ|idD | = |idD |.• Additivity: If pα : Cα → D is a ramiﬁed covering G-map of simplicial complexes for each α = 1,2, . . . ,k, and p : C = C1 ∨ C2 ∨
· · · ∨ Ck → D is given by p|Cα = pα , then τ|p| = i1∗ ◦ τ|p1|(ξ) + · · · + ik∗τ|pk|(ξ), where iα : |Cα | ↪→ |C | is the inclusion.• Functoriality: If p : C → D and q : D → E are ramiﬁed covering G-maps of simplicial complexes, then τ|q|◦|p| = τ|p| ◦ τ|q| .
• Invariance under change of coeﬃcients: If ξ : M → M ′ is a homomorphism of Mackey functors, then ξ∗ ◦ τ|p| = τ|p| ◦
ξ∗ : H˜G∗ (|D|;M) → H˜G∗ (|C |;M ′).• If M is homological, then the composite
|p|∗ ◦ τ|p| : H˜G
(|D|;M)→ H˜G(|D|;M)
is multiplication by n.
Proof. Assume that p : C → D is a special n-fold ramiﬁed covering G-map of simplicial complexes and that f : D ′ → D is a
simplicial pointed G-map. The pullback property follows from the fact that there are canonical homeomorphisms
|D ′| ×|D| |C | ≈
∣∣K (D ′)∣∣×|K (D)| ∣∣K (C)∣∣≈ ∣∣K (D ′) ×K (D) K (C)∣∣.
The ﬁrst one follows from the homeomorphism mentioned in the proof of 3.6. To see the second one, notice that there
is a natural homeomorphism |Q ′ × K | ≈ |Q ′| × |K | for arbitrary simplicial sets Q ′ and K (see [12]), which restricts to a
homeomorphism |Q ′ ×Q K | ≈ |Q ′|×|Q | |K | for any maps K p−→ Q f←− Q ′ . Furthermore, under these homeomorphisms, the
pullback diagram
|D ′| ×|D| |C |
|p|′
|˜ f | |C |
|p|
|D ′| | f | |D|
corresponds to the diagram
|K (D ′) ×K (D) K (C)|
|K (p)′|
K˜ ( f ) |K (C)|
|K (p)|
|K (D ′)| |K ( f )| |K (D)|
Therefore, since the pullback property of the transfer holds in the category of simplicial sets, it holds also in this case.
In order to prove the additivity property, assume ﬁrst that for each α = 1,2, . . . ,k, pα : Cα → D is an nα-fold ramiﬁed
covering G-map of simplicial complexes. One can take the wedge sum C = C1 ∨ C2 ∨ · · · ∨ Ck . If the set of vertices of
each Cα is partially ordered, so that every simplex is totally ordered, then the partial orders deﬁne a partial order in the
set of vertices of C such that it induces the given order in the set of vertices of each Cα and each simplex in C , which is a
simplex in some Cα , is totally ordered. Then one has a homeomorphism of topological spaces
|C1 ∨ C2 ∨ · · · ∨ Ck| ≈ |C1| ∨ |C2| ∨ · · · ∨ |Ck|.
By [4, Theorem 4.2], each |pα | : |Cα | → |D| is a (topological) nα-fold ramiﬁed covering G-map. Hence, from [5, 3.2(a)],
π : |C1| ∨ |C2| ∨ · · · ∨ |Ck| → |D|, given by π ||Cα | = |pα |, is an (n1 + n2 + · · · + nk)-fold ramiﬁed covering G-map. By the
additivity property of the transfer for G-functions with multiplicity [5, 2.19], the desired additivity property follows, namely,
for all ξ ∈ HG∗ (|D|;M),
τπ (ξ) = i1∗τ|p1|(ξ) + i2∗τ|p2|(ξ) + · · · + ik∗τ|pk|(ξ) ∈ HG∗
(|C1| ∨ |C2| ∨ · · · ∨ |Ck|;M),
where iα is the inclusion. Notice that using [4, Theorem 3.1], one can easily show that p : K (C1) ∨ K (C2) ∨ · · · ∨ K (Ck) →
K (D) given by p|K (Cα) = K (pα) is a ramiﬁed covering G-map of simplicial sets, and it has the property that its realization
corresponds to π . Thus the transfer of π corresponds to the realization of the transfer of p deﬁned on simplicial sets.
416 M.A. Aguilar, C. Prieto / Topology and its Applications 157 (2010) 401–416The functoriality follows from the fact that if p : C → D and q : D → E are ramiﬁed covering G-maps of simplicial
complexes, then by [1, 4.20] the composite |q| ◦ |p| is a (topological) ramiﬁed covering G-map and the corresponding
property of G-functions with multiplicity [5, 2.21]. Notice that the composite q◦ p is a ramiﬁed covering G-map of simplicial
complexes such that |q ◦ p| = |q| ◦ |p| and thus tG|q◦p| = tG|q|◦|p| = tG|p| ◦ tG|q| . 
Remark 3.9. The transfer has a more general property than the pullback property, namely naturality: If ( f˜ , f ) from p′ to p
is a morphism between ramiﬁed covering G-maps of simplicial complexes, then |˜ f |∗ ◦ τ|p′| = τ|p| ◦ | f |∗ (see [5, Proposi-
tion 2.8]).
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